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C^ • Abstract 

^N . We prove precompactness in an orbifold Cheeger-Gromov sense of complete 

bX)' gradient Ricci shrinkers with a lower bound on their entropy and a local integral 

3 ■ Riemann bound. We do not need any pointwise curvature assumptions, volume 

■^^ ' or diameter bounds. In dimension four, under a technical assumption, we can 

»vj ■ replace the local integral Riemann bound by an upper bound for the Euler 

characteristic. The proof relies on a Gauss-Bonnet with cutoff argument. 



Q ; 1 Introduction 






Let us start with some background: The classical Cheeger-Gromov theorem says that 
every sequence of closed Riemannian manifolds with uniformly bounded curvatures, 
volume bounded below, and diameter bounded above has a C^'"-convergent subse- 
quence [12, 21, 20]. The convergence is in the sense of Cheeger-Gromov, meaning 
^^ I C^'"-convergence of the Riemannian metrics after pulling back by suitable diffeo- 

ly-v ■ morphisms. Without diameter bounds, the global volume bound should be replaced 

lO . by a local volume non-collapsing assumption [14], and the appropriate notion of 

convergence is convergence in the pointed Cheeger-Gromov sense. If one can also 
control all the derivatives of the curvatures, e.g. in the presence of an elliptic or 
^-^ . parabolic equation, the convergence is smooth [23]. To remind the reader about 

f^ I the precise definition, a sequence of complete smooth Riemannian manifolds with 

basepoints {Ml^,gi,pi) converges to {M^,goo,Poo) in the pointed smooth Cheeger- 
Gromov sense if there exist an exhaustion of M^q by open sets Ui containing p^o 
k> i and smooth embeddings (j)i : Ui ^ Mi with 4'i{poo) = Pi such that the pulled back 

?H ' metrics (j)*gi converge to (/oo in C"^ 






Now, let us describe the problem under consideration: Hamilton's Ricci flow in 
higher dimensions without curvature assumptions leads to the formation of intrigu- 
ingly complex singularities [22, 24]. The specific question we are concerned with is 
about the compactness properties of the corresponding space of singularity models. 
Namely, given a sequence of gradient shrinkers^ i.e. a sequence of smooth, connected, 
complete Riemannian manifolds {M[^,gi) satisfying 

Rcg^ + Hessg^ fi = \gi (1.1) 

for some smooth function /j : M — )■ M (called the potential), under what assump- 
tions can we find a convergent subsequence? In the compact case, this problem was 



first studied by Cao-Sesum [8], see also Ziiang [41], and Weber succeeded in remov- 
ing tlieir pointwise Ricci bounds [39]. We have profited from these previous works 
and the papers by Anderson, Bando, Kasue, Nakajima and Tian about the Einstein 
case [2, 29, 5, 33], as well as from the papers [3, 34, 35, 36, 37]. 

In this article, we generalize the shrinker orbifold compactness result to the case 
of noncompact manifolds. The obvious motivation for doing this is the fact that 
most interesting singularity models are noncompact, the cylinder being the most 
basic example. We manage to remove all volume and diameter assumptions, and we 
do not need any positivity assumptions for the curvatures nor pointwise curvature 
bounds (as the blow-down shrinker shows [18], even the Ricci curvature can have 
both signs). In fact, if the curvature is uniformly bounded below, it is easy to pass 
to a smooth limit (Theorem 2.5). The general case without positivity assumptions 
is much harder. 

Having removed all other assumptions, we prove a precompactness theorem for com- 
plete Ricci shrinkers, assuming only a lower bound for the Perelman entropy and 
local L"'^ bounds for the Riemann tensor (Theorem 1.1). The assumptions allow 
orbifold singularities to occur (these are isolated singularities modelled on M"/r 
for some finite subgroup T C 0(n)), and the convergence is in the pointed orbifold 
Cheeger-Gromov sense. In particular, this means that the sequence converges in the 
pointed Gromov-Hausdorff sense (this is the natural notion of convergence for com- 
plete metric spaces), and that the convergence is in the smooth Cheeger-Gromov 
sense away from the isolated point singularities (see Section 3 for the precise defini- 
tions). 

Our results are most striking in dimension four. In this case, the local L^ Riemann 
bound is not an a priori assumption, but we prove it modulo a technical assumption 
on the soliton potential (Theorem 1.2). Our proof is based on a 4d-Chern-Gauss- 
Bonnet with cutoff argument (see Section 4). In particular, the key estimate of the 
cubic boundary term (Lemma 4.4) is based on a delicate use of partial integrations 
and soliton identities. 

Before stating our main results, let us explain a few facts about gradient shrinkers, 
see Section 2 and Appendix A for proofs and further references. Associated to 
every gradient shrinker (M", (7, /), there is a family of Riemannian metrics g{t), t G 
(—00, 1), evolving by Hamilton's Ricci flow ^g{t) = — 2Rcg(() with g{0) = g, which 
is self-similarly shrinking, i.e. g{t) = (1 — t)<j)fg for the family of diffeomorphisms (j)t 
generated by j^Vf, see [7, 42]. In this article however, we focus on the elliptic point 
of view. Gradient shrinkers always come with a natural basepoint, a point p £ M 
where the potential / attains its minimum (such a minimum always exists and the 
distance between two minimum points is bounded by a constant depending only on 
the dimension). The potential grows like one-quarter distance squared, so 2^/J can 
be thought of as distance from the basepoint. Moreover, the volume growth is at 



most Euclidean, hence it is always possible to normalize / (by adding a constant) 
such that 

/ {47r)-"/^e-^ dVg = 1. (1.2) 

Then the gradient shrinker has a well defined entropy, 



Jm 



> -oo. (1.3) 



The entropy was introduced by Perelman in his famous paper [30] to solve the long 
standing problem of ruling out collapsing with bounded curvature (see [4, 9, 25, 28] 
for detailed expositions of Perelman's work). For general Ricci flows, the entropy 
is time-dependent, but on gradient shrinkers it is constant and finite (even without 
curvature assumptions). Assuming a lower bound for the entropy is natural, because 
it is non-decreasing along the Ricci fiow in the compact case or under some mild 
technical assumptions. Under a local scalar curvature bound, a lower bound on the 
entropy gives a local volume non-collapsing bound. 

The main results of this article are the following two theorems. 

Theorem 1.1 

Let {Ml^,gi, fi) he a sequence of gradient shrinkers (with normalization and basepoint 
Pi as above) with entropy uniformly bounded below, fi{gi) > fJ, > — oo, and uniform 
local energy bounds, 

[ |RmgJ^/2dVg, < ^(r) < oo, Vi,r. (1.4) 

Then a subsequence of {M^,gi, fi,pi) converges to an orbifold gradient shrinker in 
the pointed orbifold Cheeger-Gromov sense. 

Here is a cute way to rephrase this theorem: The space of Ricci flow singularity 
models with bounded entropy and locally bounded energy is orbifold compact. 

In the case n = 4, we obtain a particularly strong compactness result under a 
technical assumption on the potential. 

Theorem 1.2 

Let {Mf,gi,fi) be a sequence of four- dimensional gradient shrinkers (with normal- 
ization and basepoint pi as above) with entropy uniformly bounded below, n{gi) > 
/i > — oo, Euler characteristic bounded above, x{^U) ^ X < oo, and the technical 
assumption that the potentials do not have critical points at large distances, more 
precisely 

|V/i|(x)>c>0 ifd{x,pi)>ro, (1.5) 



for some constant tq < oo. Then we have the weighted L^ estimate 

/ \Rmgf e-^^dVg^ < C(^,x,c,ro) < oo. (1.6) 

In particular, the energy condition (1-4) is satisfied and by Theorem 1.1 a subse- 
quence converges in the pointed orbifold Cheeger-Gromov sense. 

As explained above, to appreciate our theorems it is most important to think about 
the assumptions that we do not make. 

Remark. The technical assumption (1.5) is satisfied in particular if the scalar cur- 
vature satisfies 

Rg^{x)<ad{x,pif + C (1.7) 

for some a < |. The scalar curvature grows at most like one-quarter distance 
squared and the average scalar curvature on 2^/f -halls is bounded by n/2 (see Sec- 
tion 2 and Appendix A), so the technical assumption is rather mild. However, it 
would be very desirable to remove (or prove) it. Of course, (1.5) would also follow 
from a diameter bound. 

In this article, the potentials of the gradient shrinkers play a central role in many 
proofs. In particular, we can view (a perturbation of) / as a Morse function, use 
e~'^ as weight or cutoff function and use balls defined by the distance 2^/f instead 
of the Riemannian distance. This has the great advantage, that we have a formula 
for the second fundamental form in the Gauss-Bonnet with boundary argument. 

There are very deep and interesting other methods that yield comparable results, in 
particular the techniques developed by Cheeger-Colding-Tian in their work on the 
structure of spaces with Ricci curvature bounded below (see [13] for a nice survey) 
and the nested blowup and contradiction arguments of Chen- Wang [15]. Finally, let 
us mention the very interesting recent paper by Song-Weinkove [32]. 

This article is organized as follows. In Section 2, we collect and prove some properties 
of gradient shrinkers. In Section 3, we prove Theorem 1.1. Finally, we prove Theorem 
1.2 in Section 4 using the Chern-Gauss-Bonnet theorem for manifolds with boundary 
and carefully estimating the boundary terms. We would like to point out that the 
Sections 3 and 4 are completely independent of each other and can be read in any 
order. 
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anonymous referee for useful suggestions that greatly helped to improve the ex- 
position. The first author was partially supported by the Swiss National Science 
Foundation, the research of the second author was supported by the Italian FIRB 
Ideas "Analysis and Beyond" and by The Leverhulme Trust. 



2 Some properties of gradient shrinkers 

Let us start by collecting some basic facts about gradient shrinkers (for a recent 
survey about Ricci solitons, see [6]). Tracing the soliton equation, 

i2ii + ViVj/ = i<7ij, (2.1) 

gives 

i? + A/ = §. (2.2) 

Using the contracted second Bianchi identity, inserting the soliton equation (2.1), 
and commuting the derivatives, we compute 

^ViR = V^R - VjR,j = -ViVjVjf + V.ViVjf = Rik^kf- (2.3) 

As observed by Hamilton, from this formula and equation (2.1), it follows that 

Ciig):=R+\Vf\^-f (2.4) 

is constant (note that we always assume that our manifold is connected). By (2.1), 
the Hessian of / is uniquely determined by g. Thus, the potential has the form 
f{x, y) = f{x) + \\y - yoP after splitting M = M x E'^ isometrically. Note that the 
constant Ci{g) and also the normalization (1.2) do not depend on the point yo £ I^'^- 
It follows that / is completely determined by fixing the normalization (1.2), and that 
Ci{g) is independent of / after fixing this normalization. Gradient shrinkers always 
have nonnegative scalar curvature, 

i? > 0. (2.5) 

This follows from the elliptic equation 

i2+(V/,Vii) = Ai2 + 2|Rcp (2.6) 

by the maximum principle, see [42] for a proof in the noncompact case without cur- 
vature assumptions. Equation (2.6) is the shrinker version of the evolution equation 
§^R = AR + 2|Rc|2 under Ricci flow. 

The following two lemmas show, that the shrinker potential / grows like one-quarter 
distance squared and that gradient shrinkers have at most Euclidean volume growth. 

Lemma 2.1 (Growth of the potential) 

Let {M^'',g,f) be a gradient shrinker with Ci = Ci{g) as in (2.4)- Then there exists 

a point p £ M where f attains its infimum and f satisfies the quadratic growth 

estimate 

l{d{x,p) - 5n)l < f{x)+Ci < l{d{x,p) + V2^f (2.7) 

for all X G M, where a+ := max{0,a}. If pi and p2 are two minimum points, then 
their distance is bounded by 

d{pi,p2)<Bn + V2^. (2.8) 



Lemma 2.2 (Volume growth) 

There exists a constant C2 = C2(n) < 00 such that every gradient shrinker {M'^,g, f) 

with p £ M as in Lemma 2. 1 satisfies the volume growth estimate 

VolB^(p) <C2r". (2.9) 

The proofs are smaU but crucial improvements of the proofs by Cao-Zhou and 
Munteanu [10, 26]. In fact, their results are not strong enough for our purpose 
for which it is necessary, in particular, to remove the dependence on the geometry 
on a unit ball in Theorem 1.1 of [10] and to show that the constant in the volume 
growth estimate can be chosen uniformly for a sequence of shrinkers. In order to 
keep this section compact, we moved the proofs of both lemmas to Appendix A. 

From now on, we fix a point p £ M where f attains its minimum. 

By Lemma 2.1 and Lemma 2.2, any function c^ that satisfies the growth estimate 

1^(^)1 < Ce"'^^^'^)' for some a < i (2.10) 

is integrable with respect to the measure e~^dV. In particular, the integral fj^ e~^ dV 
is finite and / can be normalized (by adding a constant if necessary) to satisfy the 
normalization constraint (1.2). 

From now on, we will fix the normalization (1.2). 

Let us now explain the logarithmic Sobolev inequality, compare with Carrillo-Ni 
[11]. Any polynomial in i?, /, |V/|,A/ is integrable with respect to the measure 
e~^ dV . Indeed, using one after another (2.5), < |V/|^, (2.4), and Lemma 2.1, we 
compute 

< R{x) < R{x) + |V/|2(x) = fix) + Ci< \{d{x,p) + ^/2^)^ (2.11) 

and using furthermore (2.2) this implies 

- f < -Af{x) < -f + l{d{x,p) + V2^Y. (2.12) 

So, any polynomial in i?, /, |V/|,A/ has at most polynomial growth and thus in 
particular satisfies the growth estimate (2.10). It follows that the entropy 

Ka) ■■= W(5, /) = / (|V/|2 + R + f-n) i47r)-^/^e-fdV (2.13) 

is well defined. To obtain another expression for the entropy, we will use the partial 
integration formula 

/ Afe-^dV = I [V/l^e-^dy, (2.14) 

JM JM 



which is justified as follows: Let r]r{x) := T]{d{x,p)/r), where < r/ < 1 is a cutoff 
function such that r]{s) = 1 for s < 1/2 and r]{s) = for s > 1. Then 

/ rjrAfe-fdV= I r]r\Vf\''e-fdV- f {Vr]r,V f)e-UV. 

J M J M JM 

Now, using the estimates for /, |V/| and the volume growth, we see that 
/ |Vr/^||V/|e--^dy <C7 / ld{x,p)e- 3 dV < Cr^'e- 4 

Jm JBr{p)\B,/2(v) 

converges to zero for r — t- oo, and (2.14) follows from the dominated convergence 
theorem. Moreover, note that (2.2) and (2.4) imply the formula 

2A/-|V/|2 + i2 + /-n = -Ci. (2.15) 

Putting everything together, we conclude that 

m(5) = / (2A/ - |V/p + R + f~n) {A^r^^'^e-f dV = -Ciig), (2.16) 

where we also used the normalization (1.2) in the last step. In other words, the 
auxiliary constant Ci{g) of the gradient shrinker is minus the Perelman entropy. 
Carrillo-Ni made the wonderful observation that Perelman's logarithmic Sobolev 
inequality holds even for noncompact shrinkers without curvature assumptions [11, 
Thm. 1.1], i.e. 

mfW{gJ~)>f,{g), (2.17) 

where the infimum is taken over all / : M — t- M U {+00} such that u = e~^ '"^ is 
smooth with compact support and fjy^u'^dV = (47r)"''^. Essentially, this follows 
from Rcj = Re + Hess/ > 1/2 and the Bakry-Emery theorem [38, Thm. 21.2]. 

Remark. In fact, equality holds in (2.17), which can be seen as follows. First observe 
that, as a function of g and u, 

W(5,u) = (47r)-"/2 /" {4\Vu\'^ + {R-n)u^ -u^\ogu^)dV, (2.18) 

Jm 

and that one can take the infimum over all properly normalized Lipschitz functions 

u with compact support. Now, the equality follows by approximating u = e"-* " by 

Ur := CrfjrU, with i]r as above and with constants 



V Jm m-u^dV 
to preserve the normalization. Indeed, arguing as before we see that 

/ {R-n)i]lu^^ I {R-n)u^, f C^rilu^ log u^ ^ f u^logu^, 

Jm Jm Jm Jm /q nn'] 

f |V(??,u)|2^ / \Vu\\ [ C7,Viog(aV)«'^0, 

Jm Jm Jm 

which together yields W((7, u^) — )• W{g,u). 



From Perelman's logarithmic Sobolev inequality (2.17) and the local bounds for the 
scalar curvature (2.11), we get the following non-collapsing lemma. 

Lemma 2.3 (Non-collapsing) 

There exists a function K{r) = K{r, n, jj.) > such that for every gradient shrinker 
{M^,g,f) (with basepoint p and normalization as before) with entropy bounded be- 
low, fj,{g) > /i, we have the lower volume bound YolBs{x) > K{r)5^ for every ball 
Bs{x) CBrip), 0<S<1. 

The proof is strongly related to Perelman's proof for finite-time Ricci flow singu- 
larities (see Kleiner-Lott [25, Sec. 13] for a nice and detailed exposition), and can 
be found in Appendix A. Given a lower bound fx{g) > /.t, we also get an upper 
bound fi{g) <'p. = Jl{^,n) using u = c~^''^r]{d{x,p)) as test function. Of course, the 
conjecture is iJ,{g) < even for noncompact shrinkers without curvature assumptions. 

Equipped with the above lemmas, we can now easily prove the non-collapsed pointed 
Gromov-Hausdorff convergence in the general case, and the pointed smooth Cheeger- 
Gromov convergence in the case where the curvature is uniformly bounded below. 

Theorem 2.4 (Non-collapsed Gromov-Hausdorff convergence) 
Let {M^,gi, fi) be a sequence of gradient shrinkers with entropy uniformly bounded 
below, fJ,{gi) > ix > — oo, and with basepoint pi and normalization as before. Then 
the sequence is volume non-collapsed at finite distances from the basepoint and a 
subsequence {Mi,di,pi) converges to a complete metric space in the pointed Gromov- 
Hausdorff sense. 

Proof. The first part is Lemma 2.3. For the second part, to find a subsequence that 
converges in the pointed Gromov-Hausdorff sense, it suffices to find uniform bounds 
N{6, r) for the number of disjoint 5-balls that fit within an r-ball centered at the 
basepoint [21, Prop. 5.2]. Assume 6 < 1 without loss of generality. By Lemma 2.2 
the ball Br{p) has volume at most C2r"', while by Lemma 2.3 each ball Bs{x) C Br{p) 
has volume at least kS"^. Thus, there can be at most N[6,r) = C2r^ / nS"^ disjoint 
(5-balls in Br{p). D 

Remark. Alternatively, the Gromov-Hausdorff convergence also follows from the vol- 
ume comparison theorem of Wei-Wylie for the Bakry-Emery Ricci tensor [40] , using 
the estimates for the soliton potential from this section. This holds even without 
entropy and energy bounds, but in that case the limit can be collapsed and very 
singular. 

Theorem 2.5 (Smooth convergence in the curvature bounded below case) 
Let {Mp,gi, fi) be a sequence of gradient shrinkers (with basepoint pi and normaliza- 
tion as before) with entropy uniformly bounded below, ^i{gi) > /^ > — oo, and curva- 
ture uniformly bounded below, Rm^,. > K_> — oo. Then a subsequence {Mi,gi, fi,pi) 



converges to a gradient shrinker {Moo,gQo, foo,Poo) in the pointed smooth Cheeger- 
Gromov sense (i.e. there exist an exhaustion of M^o by open sets Ui containing 
Poo and smooth embeddings (pi : Ui ^ Mi with 4>i{poo) = Pi such that {(plgijCplfi) 
converges to {goo,foo) in C^^)- 

Proof. Recall the following Cheeger-Gromov compactness theorem from the very be- 
ginning of the introduction: For every sequence {Ml^,gi,pi) of complete Riemannian 
manifolds with uniform local bounds for the curvatures and all its derivatives, 

sup iV^'Rm^J <Cfc(r), (2.21) 

and with a uniform local volume-noncollapsing bound around the basepoint, 

Yolg^ Blip,) > K, (2.22) 

we can find a subsequence that converges to a limit {Mao,goo,Poo) in the pointed 

smooth Cheeger-Gromov sense. 

Moreover, if we have also uniform local bounds for the shrinker potential and all its 

derivatives, 

sup ivVil < Ck{r), (2.23) 

Br{Pi) 

then by passing to another subsequence if necessary the functions 4>ifi will also 
converge to some function /oo in C^^ (the embeddings (pi : Ui ^ Mi come from 
the pointed Cheeger-Gromov convergence). From the very definition of smooth 
convergence it is clear that the shrinker equation will pass to the limit, i.e. that 
(Moo,5oo; /oo) will be a gradient shrinker. Thus, it remains to verify (2.21), (2.22), 
and (2.23) for our sequence of shrinkers. 

By Lemma 2.3, we have uniform local volume non-collapsing, in particular condition 
(2.22) is satisfied. From (2.11) we have uniform local bounds for the scalar curvature, 
and together with the assumption Rm^. > K^ this gives uniform local Riemann 
bounds, 

sup iRmgJ < Co(r). (2.24) 

BriPi) 

From (2.11) and the bounds /.f < —Ci{gi) < JI, we get local C^ bounds for fi, 

sup \fi\< Coir), sup |V/,| < Ci(r). (2.25) 

Br{Pi) Br{pi) 

Finally, by some very well known arguments, we can bootstrap the elliptic system 

A Rm = V f * V Rm + Rm + Rm * Rm, 

(2.26) 

starting from (2.24) and (2.25) to arrive at (2.21) and (2.23). Here, the second 
equation is just the traced soliton equation (2.2), while the first equation is obtained 



from the soliton equation (2.1) and the Bianchi identity as follows: 

VpVpRijki = —'^p^kRijlp — '^p^iRijpk 

= -^ k^ pRijip — "^e^pRijpk + (Rm*Rm)jjfc£ 

= VkiViRji - ^jRu) + ViiVjRik - ^iRjk) + (Rm*Rm)ijfc£ 

= ^kiRjitp'^pf) + ^ niRijkp'^ pf) + (Rm * Rm)jjfc£ 

= (V/ * V Rm + Rm + Rm * Rm)^^^- (2.27) 

Here, we used the Bianchi identity and the commutator rule in the first three lines 
and in the fourth and fifth line we used the soliton equation. This finishes the proof 
of the theorem. D 

Remark. The more interesting case without positivity assumptions is treated in 
Section 3. A related simple and well known example for singularity formation is the 
following. Consider the Eguchi-Hanson metric ^eh [17], a Ricci-flat metric on TS"^ 
which is asymptotic to M^/Z2 (remember that the unit tangent bundle of the 2-sphere 
is homeomorphic to S^ /'L^)- Then Qi := jgEU is a sequence of Ricci-flat metrics, 
that converges to M^/Z2 in the orbifold Cheeger-Gromov sense. In particular, an 
orbifold singularity develops as the central 2-sphere (i.e. the zero section) shrinks to 
a point. For the positive Kahler-Einstein case, see Tian [33], in particular Theorem 
7.1. 

Remark. For a sequence of gradient shrinkers with entropy uniformly bounded below, 
by Lemma 2.1 and Lemma 2.2, (47r)~'^'^e~-''(iV^. is a sequence of uniformly tight 
probability measures. Thus, a subsequence of {Mi,di,e~f'dVg^,pi) converges to a 
pointed measured complete metric space (Mqo, doo, I'ooiPoo) in the pointed measured 
Gromov-Hausdorff sense. By (2.11), Lemma 2.1 and a Gromov-Hausdorff version of 
the Arzela-Ascoli theorem, there exists a continuous limit function /oo : Moo — ^ IR- 
It is an interesting question, if i/^o equals e^^°° times the Hausdorff measure. 

Remark. It follows from the recent work of Lott-Villani and Sturm that the condition 
Rc/ > 1/2 is preserved in a weak sense [38]. 

3 Proof of orbifold Cheeger-Gromov convergence 

In this section, we prove Theorem 1.1. For convenience of the reader, we will also 
explain some steps that are based on well known compactness techniques. 

The structure of the proof is the following: First, we show that we have a uniform 
estimate for the local Sobolev constant (Lemma 3.2). Using this, we prove the e- 
regulartiy Lemma 3.3, which says that we get uniform bounds for the curvatures 
on balls with small energy. We can then pass to a smooth limit away from locally 
finitely many singular points using in particular the energy assumption (1.4) and 
the e-regulartiy lemma. This limit can be completed as a metric space by adding 
locally finitely many points. Finally, we prove that the singular points are of smooth 

10 



orbifold type. 

We start by giving a precise definition of the convergence. 

Definition 3.1 (Orbifold Cheeger-Gromov convergence) 

A sequence of gradient shrinkers {M^,gi, fi,pi) converges to an orbifold gradient 
shrinker {M^,goo, foo,Poo) in the pointed orbifold Cheeger-Gromov sense, if the fol- 
lowing properties hold. 

1. There exist a locally finite set S C Mqo, an exhaustion of M^o \S by open sets 
Ui and smooth embeddings (pi : Ui — )■ Mi, such that {(j)*gi,(p*fi) converges to 
(goo, foe) inCZ onMoo\S. 

2. The maps (pi can be extended to pointed Gromov-Hausdorff approximations 
yielding a convergence {Mi,di,pi) — t- (Afoo, doo,Poo) in the pointed Gromov- 
Hausdorff sense. 

Here, an orbifold gradient shrinker is a complete metric space that is a smooth gra- 
dient shrinker away from locally finitely many singular points. At a singular point 
g, Moo is modeled on R'^/F for some finite subgroup T C 0{n) and there is an 
associated covering M" D -6^(0) \ {0} -^ U \ {q} of some neighborhood U C M^o of 
q such that {'n*goo-, 7r*/oo) can be extended smoothly to a gradient shrinker over the 
origin. 

For the arguments that follow, it will be very important to have a uniform local 
Sobolev constant that works simultaneously for all shrinkers in our sequence. 

Lemma 3.2 (Estimate for the local Sobolev constant) 

There exist Cs{r) = Cs{r,n,fi) < oo and (5o(r) = 5o{r,n,fi) > such that for 
every gradient shrinker {M''''',g,f) (with basepoint p and normalization as before) 
with fj,{g) > /_f , we have 

WvL^ <Cs{r)\\V^\\L2 (3.1) 

for all balls Bs{x) C Br{p),0 < S < 5o{r) and all functions (p € Cl{Bs{x)). 

Proof. The main point is that the estimate for the local Sobolev constant will fol- 
low from the noncoUapsing and the volume comparison for the Bakry-Emery Ricci 
tensor. The detailed argument goes as follows: 

The first reduction is that it suffices to control the optimal constant Ci{B) in the 
L^-Sobolov inequality. 



'(B) 



<Ci(i?)||VVki(B), (3.2) 



for all ip £ C^{B), where in our case B will always be an open ball in a Riemannian 
manifold. Indeed, applying (3.2) for ip = (^(2n-2)/(n-2) ^^^^ using Holder's inequality 
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we can compute 

2n-2 



n 

^ 2n-2n (-n\(\\,r.\\ ^'^~2 ||Y7,„|| 

<^^=2'-^^\B)[\m\^^^^J^^) I|V¥'||l2(B), 

SO the L^-Sobolov inequality (3.2) implies the L'^-Sobolov inequality 

M\^^^^<C2{B)\\V^\\L2i^B), (3.3) 

L"-2 (B) ^ ' 

with C2{B) = ^~^ Ci{B). Next, it is a classical fact, known under the name Federer- 
Fleming theorem, that the optimal constant Ci{B) in (3.2) is equal to the optimal 
constant Ci{B) in the isoperimetric inequality, 

n-l 

\VL\~^ < Ci{B)\d9.l (3.4) 

for all regions Q. <£ B with C^-boundary. Third, by a theorem of Croke [16, Thm. 11] , 
the isoperimetric constant can be estimated by 

n+l 

Ci{B) < C{n)uj{B)-^r ^ (3.5) 

where C{n) < oo is an explicit constant whose value we do not need and i^{B) is 
the visibility angle defined as 



-in— 1 1 
yeB 



u{B) = inf |[/j/|/|5"-^|, (3.6) 



where Uy = {v ^ TyB ; \v\ = l,the geodesic 7^ is minimizing up to dB}. 
Putting everything together, to finish the proof of our lemma it suffices to find a 
lower bound for the visibility angle (3.6) for B = B^{x) C Br{p) inside a shrinker 
for 5 < 5o{r), where (5o(r) will be chosen sufficiently small later. To find such a lower 
bound, we will use the volume comparison theorem for the Bakry-Emery Ricci tensor 
due to Wei-Wylie [40] which we now explain: 

Fix y £ M, use exponential polar coordinates around y and write dV = A{r, 6)dr/\d6 
for the volume element, where dO is the standard volume element on the unit sphere 
5"-i. Let Af{r,e) = A{r,e)e-f . Note that Rc/ = Rc+V^/ > by the soliton 
equation. The angular version of the volume comparison theorem for the Bakry- 
Emery Ricci tensor [40, Thm 1.2a] says that if in addition |V/| < a on Bfj{y) 
then 

fxr^^ =""(-)" ^ (.7) 

j^^Af{s,6)ds \r J 

for < r < i?. If we have moreover max5^(y) / < min^^(y) f + b then this implies 

j A{s,e)ds<e''^+^(-\ r A{s,9)ds, (3.8) 

12 



and finally by sending r to zero we obtain the form of the volume comparison 
estimate that we will actually use, namely 

/ yi(s,0)ds< ie"-^+^i?". (3.9) 

Jo 

In our application everything will stay inside a ball Sr+i(p) around the basepoint 
of the soliton, so by (2.11) we can take a := i(r + 1 + \/2n) and b := a^. 
Now, coming back to actually estimating the visibility angle of B^[x) C Br{p), we 
let y G Bs{x) and apply the above ideas. Since the volume is computed using 
exponential polar coordinates around y, we have the estimate 

f fl+S 
\Bi{x)\ - \Bs{x)\ < / A{s,e)dsde, (3.10) 

JUy Jo 

where Uy denotes the set of unit tangent vectors in whose direction the geodesies 
are minimizing up to the boundary of Bs{x). Using (3.9), we can estimate this by 

\B,{x)\ - \Bs{x)\ < ie2»+Vyl(l + Sr, (3.11) 

and minimizing over y € B^[x) we obtain the inequality 

\Bi{x)\ - \Bs{x)\ < Cu{Bs{x)){l + 6r (3.12) 

with C = C{r,n) = ^e^""'~*|5"~^|. Moreover, using (3.9) again, we obtain the upper 
bound 

\Bs{x)\< [ [ A{s,e)dsde<C6''. (3.13) 

Js"-^ Jo 

Finally, we have the lower volume bound 

\Bi{x)\>K, (3.14) 

for K = K{r+l,n, fj.) from Lemma 2.3. If we now choose Sq = 6o{r, n, n) = (k/2C)^'", 
then putting together (3.12), (3.13) and (3.14) gives the lower bound 

^{Bs{x)) > ^^ (3.15) 

for the visibility angle for 6 < 6o, and this finishes the proof of the lemma. D 

Using the uniform estimate for the local Sobolev constant, we obtain the following 
e-regularity lemma. 

Lemma 3.3 (e-regularity) 

There exist ei(r) = ei(r, n,/i) > and Ki{r) = K£(r,n,fj,) < oo such that for every 
gradient shrinker (M'^,g,f) (with basepoint p and normalization as before) with 
fJ-{g) > /J and for every ball Bs{x) C Br{p),0 < S < (5o(r), we have the implication 

\\Rm\\ Ln/2 ^Bs{x)) < ^lir) ^ sup |V^Rm| < -|:p^||Rm||^„/2(^^(^)). (3.16) 
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Proof. The gradient shrinker version of the evolution equation of the Riemann tensor 
under Ricci flow, ^ Rm = A Rni+Q(Rm), is the elliptic equation 

ARm = V/*VRm + Rm + Rm*Rm. (3.17) 

Here, we used (2.1) to eliminate V^/ in Ly/ Rm = V/ * VRm+V^/ * Rm. Alter- 
natively, we have given another derivation of the elliptic equation (3.17) in (2.27). 
Now, we set u := |Rm| and compute 

-uAu = -iAu^ + lVup 

= -iA|Rmp + |V|Rm|p (3.18) 

= -(Rm,ARm) - |VRm|2 + |V|Rm|p. 

By equation (3.17) and Young's inequality, we can estimate 

-(Rm,ARm) < C3 (|Rm||V/||VRm| + |Rm|2 + |Rm|3) 



< ^ijlVRmp + (1 + f C3|V/|2) CslRmp + CglRmj^, 



(3.19) 



for some constant C3 = C3(n) < 00 depending only on the dimension. Finally we 
use Kato's inequality |V|Rm|| < |VRm|, and the estimate (2.11) for |V/|. Putting 
everything together, we obtain the elliptic inequality 

- uAu < ^\Vu\^ + Cau"^ + Csu^ (3.20) 

on Br{p), where C4 = C4(r, n) := (l + |C3(r+\/2n)^)C3. Given an elliptic inequality 
like (3.20) it is well known to PDE-experts that if the L"' ^-norm of u is sufficiently 
small on a ball, then one gets L°°-bounds on a smaller ball, more precisely 

11 ^„ „ 
IpIIl«/2(b,(x)) < e ^ sup |n| < -2||u||^„/2(B,(a;)), (3.21) 

for some constants e > and A' < 00. For convenience of the reader, we sketch the 
necessary Moser-iteration argument here: To keep the notation reasonably concise 
let us assume 6 = 1 and n = 4, the general case works similarly. Choose a cutoff- 
function < 77 < 1 that is 1 on ^3/4(3;), has support in Bi{x), and satisfies |Vr/| < 8. 
Multiplying (3.20) by r/^ and integrating by parts we obtain 



^ / i]'^\Vu\'^dV <2 I r]\Vi]\u\Vu\dV + I {Ciifu'^ + C^rfu^)dV. (3.22) 

JM Jm Jm 

Dealing with the first term on the right hand side by Young's inequality and ab- 
sorption, this gives the estimate 

i / ?7^|Vu|2dy < (C4 + I6O) / u^dV + Cs I rfu^dV. (3.23) 

JM JBi JM 
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For the last term, using Holder's inequality, the assumption that the energy on Bi 
is less than e, and the Sobolev-inequality, we get 

f ifu^dV < ( f u^dV) ( I {r]ufdV] 

JM \Jbi J \Jm J 

< eCl I \V{riu)\^dV (3.24) 

JM 

<2eCl I rf\Vu\'^dV + bQeCl [ u^dV, 

JM Jbi 

where Cs < oo is the local Sobolev constant on Bi. The main idea is that if we 
choose e so small that 2eC|C3 < j then the / r/^|VMp term can be absorbed, giving 

I I rj^\Vu\'^dV < (C4 + 200) / u^dV, (3.25) 

JM Jbi 

and using the Sobolev inequality we arrive at the L^-estimate 



u 



\lHb,u) < 2CsVC4 + 200\\u\\l2^b,)- (3.26) 



Now we choose a sequence of radii ^^fc = 2 + oF interpolating between ri = 1 and 



r„ 



i. We multiply (3.20) by rJlvP*' , where pk = 2'' — 2, and < 77^ < 1 is a 



2 



cutoff function that equals 1 on Brf,_^_j^, has support in Br,., and satisfies |V?7fc| < 
2/{rk — T'fc+i). Carrying out similar steps as above we obtain the iterative estimates 

The product of the constants Ck converges and sending /c — )■ 00 gives the desired 
estimate 

ll^llL<-{iJi/2) ^ K\W\\l^Bi)- (3.28) 

Note that the estimate (3.21) is of course only useful if we can get uniform constants 
e > and -ftT < 00 for our sequence of shrinkers. This crucial point is taken care 
of by Lemma 3.2, so we indeed get constants ei(r) = ei{r,n,fi) > and -R'o(^) = 
-K'o(^) n, fi) < 00, such that 

l|Rm|lL"/2(B,(a;)) < £i{r) => sup |Rm| < — ^||Rm||^„/2(B_^(^)), (3.29) 

Bs/2{x) " 

for every ball Bs(x) C Br{p),0 < 5 < (5o(r). Once one has L°° control, the hard work 
is done and it is standard to bootstrap the elliptic equation (3.17) to get C°° bounds 
on the ball B^u{x). The only slightly subtle point is that higher derivatives of / 
appear when differentiating (3.17), but one can get rid of them again immediately 
using the soliton equation (2.1). This finishes the proof of the e-regularity lemma. 

D 
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Let us now explain how to finish the proof of Theorem 1.1. Let (M",gj,/j) be a 
sequence of gradient shrinkers satisfying the assumptions of Theorem 1.1. By Theo- 
rem 2.4, we can assume (after passing to a subsequence) that the sequence converges 
in the pointed Gromov-Hausdorff sense. By passing to another subsequence, we can 
also assume that the auxiliary constants converge. 

Let r < oo large and < 6 < Si{r,E{r),n,iJ,) small enough. The assumption (1.4) 
gives a uniform bound E{r) for the energy contained in Br{pi)- So there can be at 
most ^y^ disjoint (^-balls in Br{pi) that contain energy more than £i{r), and away 
from those bad balls we get C°°-estimates for the curvatures using the e-regularity 
lemma. Recall that we also have volume-noncollapsing by Lemma 2.3, and that we 
get C^^ bounds for /j in regions with bounded curvature, using the elliptic equation 

A/ = f-i?. (3.30) 

Thus, putting everything together (and playing around with the parameters r and 5 
a bit), we can find on any {Mi,gi) suitable balls Bs{x^{6)), I < k < Li{r) < L{r) = 
L{r,E{r),7i,fi), such that on 

Xi := Bripi) \ \J Bs{xf{5)) C Mi, (3.31) 

k=l 

we have the estimates 

sup|V Rmg-| < Ci{5,r,n, ^) 

""' , ~ (3.32) 

sup|V fi\ < Ci{6,r,n,fi). 

Xi 

Together with the volume-noncollapsing, this is exactly what we need to pass to a 
smooth limit. Thus, sending r — )• oo and 5—7-0 suitably and passing to a diago- 
nal subsequence, we obtain a (possibly incomplete) smooth limit gradient shrinker. 
Since we already know, that the manifolds Mi converge in the pointed Gromov- 
Hausdorff sense, this limit can be completed as a metric space by adding locally 
finitely many points and the convergence is in the sense of Definition 3.1. We have 
thus proved Theorem 1.1 up to the statement that the isolated singular points are 
of orbifold shrinker type. 

This claimed orbifold structure at the singular points is a local statement, so we can 
essentially refer to [8, 41]. Nevertheless, let us sketch the main steps, following Tian 
[33, Sec. 3 and 4] closely (see also [2, 5] for similar proofs). 

Step 1 (C'^-multifold): The idea is that blowing up around a singular point will show 
that the tangent cone is a union of finitely many flat cones over spherical space forms. 
Improving this a bit, one also gets C'^-control over g, and thus the structure of a 
so called C'^-multifold ("multi" and not yet "orbi", since we have to wait until the 
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next step to see that "a union of finitely many flat cones over spherical space forms" 
can actually be replaced by "a single flat cone over a spherical space form"). The 
precise argument goes as follows: Near an added point q £ S C M^o, we have 



g(g(^ )) 
g{xf 



\V'Rm,J,^{x)<'-^^, (3.33) 



where g{x) = doo{x, q). Here and in the following, £{q) denotes a quantity that tends 
to zero for ^ — )■ and we always assume that g is small enough. With e(^) — )■ in 
(3.33), together with the Bakry-Emery volume comparison and the non-collapsing, 
it follows that the tangent cone at g is a finite union of flat cones over spherical space 
forms S"'~^ /Tp. The tangent cone is unique and by a simple volume argument we 
get an explicit bound (depending on r, n, /i) for the order of the orbifold groups Tp 
and the number of components tt{/5}- As in [33, Lemma 3.6, Eq. (4.1)] there exist 
a neighborhood U C M^o of q and for every component Up oiU\ {q} an associated 
covering ir^ : B* = Bg{0) \ {0} — )• Up such that g^ := irtgoc can be extended to a 
C^'-metric over the origin with the estimates 



suplZ-fi-^lgB < £(£»), 



B* 



g[x)i^i 



(3.34) 



where gE is the Euclidean metric, D the Euclidean derivative and / a multiindex. 

Step 2 (C^-orbifold): The idea is that if [/ \ {q} had two or more components, than 
all geodesies in an approximating sequence would pass through a very small neck, 
but this yields a contradiction to the volume comparison theorem. For the precise 
argument, let q G S C M^o be an added point and choose points Xi £ Mi converg- 
ing to q. By the non-collapsing and the Bakry-Emery volume comparison with the 
bounds for /j and |V/j|, there exists a constant C < oo such that for g small enough 
any two points in dBg{xi) can be connected by a curve in Bg{xi)\Bg/(j{xi) of length 
less than Cg. This follows by slightly modifying the proof of [3, Lemma 1.2] and [1, 
Lemma 1.4]. Since the convergence is smooth away from q, it follows that U \ {q} 
is connected. In particular, the tangent cone at q consists of a single flat cone over 
a spherical space form S^^^/T. 

Step 3 (C°°-orbifold): The flnal step is to get C°° bounds in suitable coordinates. 
Let g^ be the metric on B* from Step 1 and 2. In the case n = 4, using Uhlenbeck's 
method for removing flnite energy point singularities in the Yang- Mills field [37] , we 
get an improved curvature decay 

\Rmgi\gi{x) < —^ (3.35) 

for 5 > as small as we want on a small enough punctured ball B* . The proof goes 
through almost verbatim as in [33, Lemma 4.3]. The only difference is that instead 
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of the Yang- Mills equation we use 

ViRijke = VkRej - ^iRkj = -^k^i^jf + VeVkVjf = RekjpVpf (3.36) 

and the estimates for |V/| from Section 2. The point is that the Yang-Mills equation 
'^iRijki = is satisfied up to some lower order term that can be dealt with easily. 
The case n > 5 is more elementary, and Sibner's test function [31] gives L°° bounds 
for the curvature, in particular (3.35) is also satisfied in this case. 
Due to the improved curvature decay, there exists a diffeomorphism ^ : -B*/2 -^ 
iJj{B* 12) C B* that extends to a homeomorphism over the origin such that il>*g^ 
extends to a C^'" metric over the origin (for any a < 1 — 5). By composing with 
another diffeomorphism (denoting the composition by C/9), we can assume that the 
standard coordinates on B^u are harmonic coordinates for (p*g^. Finally, let vr := 
TTio if, g := ■7T*goo and / := it* foo- Then, for {g, f) we have the elliptic system 

AJ = \Vf\l- f + ^-C, 
Rcg = 29- Hessg /. 

This is indeed elliptic, since Rij{g) = —\Ylk^kdk9ij + Qij{9,dg) in harmonic co- 
ordinates. It is now standard to bootstrap (3.37) starting with the C^'"-bound for 
g and the C^'^-bound for / to obtain C°°-bounds for (g, f) and to conclude that 
{g, f) can be extended to a smooth gradient shrinker over the origin. This finishes 
the proof of Theorem 1.1. 

Remark. Every added point is a singular point. Indeed, suppose T is trivial and 
Ki = \Km.g^\g^{xi) = max^ (^.)|RmgJg^ — )• 00, Xi ^ q for some subsequence. Then, 
a subsequence of {Mi,Kigi,Xi) converges to a non-flat, Ricci-flat manifold with the 
same volume ratios as in Euclidean space, a contradiction. 

Remark. As discovered by Anderson [2], one can use the following two observations 
to rule out or limit the formation of singularities a priori: For n odd, MP"~^ is 
the only nontrivial spherical space form and it does not bound a smooth compact 
manifold. For n = 4, every nontrivial orientable Ricci-flat ALE manifold has nonzero 
second Betti number. 

4 A local Chern-Gauss-Bonnet argument 

In this section, we prove Theorem 1.2. To explain and motivate the Gauss-Bonnet 
with cutoff argument, we will first prove a weaker version (Proposition 4.3). 

Recall from Section 2 that / grows like one-quarter distance squared, that R and 
|V/P grow at most quadratically, and that the volume growth is at most Euclidean. 
These growth estimates will be used frequently in the following. 
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The next lemma, first observed by Munteanu-Sesum [27], will be very useful in the 
following. To keep this section self-contained, we give a quick proof. 

Lemma 4.1 (Weighted Lp' estimate for Ricci) 

For A > and /j, > — oo there exist constants C{X) = C(A, fi, n) < oo such that for 

every gradient shrinker (M"',g,f) with fi{g) > fj, and normalization as before, 

I iRcl^e-^^dF < C{\) < oo. (4.1) 

Jm 

Proof. Take a cutoff function i] as in Section 2 and set r]r{x) = ri{d{x,p)/r). Note 
that div(e~-^ Re) = by (2.3). Using this, the soliton equation, a partial integration 
and the inequality ab < a^/4 + 6^, we compute 

/ r]^\Rc\^e-^^dV = [ r]l{y -V^f,Rc)e'^fdV 
Jm Jm 

= [ {^r]^,R + {l-X)7]^,Rc{Vf,Vf) + 2r]rRc{V7]r,Vf))e-^fdV 
Jm 

<i / rjj\Rc\^e-^fdV+ I ^1{\R + {I - \f\V f\'')e-''f dV 
Jm Jm 

+ 4 /" \VT]r?\Vf\'^e~^UV. 
Jm 

The first term can be absorbed. The second term is uniformly bounded and the last 
term converges to zero as r — )■ oo by the growth estimates from Section 2. D 

As a consequence of Lemma 4.1, we can replace the Riemann energy bound in 
Theorem 1.1 by a Weyl energy bound in dimension four. 

Corollary 4.2 (Weyl implies Riemann energy condition) 

Every sequence of 4- dimensional gradient shrinkers {Mi,gi, fi) (with normalization 
and basepoint as usual) with entropy bounded below, n{gi) > /i, and a local Weyl 
energy bound 

WgMdVg^<C{r)<oo, yi,r (4.2) 



Jb, 



satisfies the energy condition (1-4)- 

Remark. As a consistency check, note that in dimension n = 3, Rm is determined by 
Re and thus only a lower bound for the entropy is needed and the limit is smooth. 
Of course, the existence of a smooth limit also follows from Theorem 2.5 and the 
fact that Rm > on gradient shrinkers for n = 3. All this is not surprising, since 
the only 3-dimensional gradient shrinkers are the Gaussian soliton, the cylinder, the 
sphere and quotients thereof [6]. 
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In the following, the goal is to get local energy bounds from 4d-Gauss-Bonnet with 
boundary. For a 4-manifold N with boundary dN, the Chern-Gauss-Bonnet formula 
says (see e.g. [19]) 

327r2x(iV) = / (|Rm|2-4|Rc|2 + fi2)^y 

^"^ r r (4.3) 

+ 16 / kik2k3dA + 8 {kiK23 + k2Ki3 + ^3/^12) dA, 
JdN JdN 

where the ki = n(ej,ej) are the principal curvatures of dN (here 61,62,63 is an 
orthonormal basis of TdN diagonalizing the second fundamental form) and the 
Kij = Rm(6i, ej, 6j, Cj) are sectional curvatures of A^. 

In a first step, we prove Theorem 1.2 under an extra assumption which ensures in 
particular that the cubic boundary term has the good sign. 

Proposition 4.3 (Convexity implies Riemann energy condition) 
Every sequence of 4- dimensional gradient shrinkers {Mi,gi, fi) (with normalization 
and basepoint as usual) with entropy bounded below, fi{gi) > //, Euler characteristic 
bounded above, x(Mj) < x, and convex potential at large distances, 

Hessg. fi{x) > ifd{x,pi) > tq, (4.4) 

satisfies the energy condition (1-4)- 

Proof. Let us introduce some notation first. We suppress the index i and write 
F{x) = e~^^^' and define the level and superlevel sets 

S„ = {x G M I F{x) = u}, M„ = {x G Af I F{x) > u}. (4.5) 

Note that Mq = M and M^^ C M„-^ if U2>ui. 

By the traced soliton equation (2.2) and assumption (4.4), we have i? < ^ at large 
distances. Using this, the auxiliary equation (2.4), Lemma 2.1, and the bounds 
II < —Ci{g) < Ji, we see that / does not have critical points at large distances. In 
fact, there is a constant uq = uo{ro,fi) > such that |V/| > 1 and V^/ > if 
F{x) < uq. Moreover, for < u < uq the S^ are smooth compact hyper surf aces, 
they are all diffeomorphic and we have dM^ = S^ and xi^u) = xi^)- 

Define a cutoff function i!){x) := min{uo, F{x)}, then 

/ \Rm\'^'&dV= |Rm|M l^^^pydudV = / \Rm\'^dVdu. (4.6) 

Jm Jm Jo Jo Jmu 

Now, we can apply (4.3) for N = M^. Note that xi^u) ^ Xi ^-iid that the scalar 
curvature term and the cubic boundary term are nonnegative. Indeed, 

n = -ViF/|VF| = ^ (VV - V/ ® V/)^ = ^Vi/ > 0, (4.7) 
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where _L denotes the restriction of the Hessian to TS„. Thus, we obtain 

/ iRmpdy <327r2x + 4 / \Rc\'^dV 
Jmu J Mu 

- 8 / {kiK2z + k2Kis + hKi2)dA 

and undoing (4.6), using •& < e~-^, |fcj| < |n| and \Kij\ < |Rm|, this implies 

r r fuo r 

/ \Rm\'^^dV <327r^xuo + 4. iRcl"^ e~ ^ dV + 24. / \]I\\Rm\dAdu. 

Jm Jm Jo Jt.u 



(4. 



(4.9) 



The Ricci term can be estimated as in (4.1). For the last term we use the coarea 
formula (observe the cancelation): 



r [ |n||Rm|(iAdn< [ EJl \Ji^\\^ f\^ dV 

JO JS„ Jm\Muo \^j\ (4 10) 

< ^ / |Rm|2??dy + 12 [ \V^f\'^e-fdV. 
Jm Jm 

The first term can be absorbed, the second one can be dealt with as in (4.1), 

/ \V^f\^e~fdV= [ {V^f,y-Rc)e-fdV 
Jm Jm 

= \ I Afe-fdV+ I {Vf,dlw{e-fRc))dV (4.11) 

Jm Jm 

= i / (f - i?) e-fdV, 
Jm 

where we used the traced soliton equation and div(e~-^ Re) = in the last step. 
Putting everything together, we obtain a uniform bound for Jj^\Rni\^^dV ^ and 
(1.4) follows. D 

Let us now replace the (unnatural) assumption (4.4) by the weaker assumption (1.5). 
Let uq = Uo{ro, /i) > such that | V/| > c if F{x) < uq and ■&{x) := min{uo, F{x)} a 
cutoff function as before. The proof is essentially identical, except that in addition 
we have to estimate (the negative part of) the cubic boundary term in the Gauss- 
Bonnet formula. By the coarea formula 

/■MO r r 1^2 £\3 ^ r 

/ / deiJidAdu < / '.J-; ' e'^dV < ^ / \Rc-\g\^e~^ dV. (4.12) 

Jo Jt.u Jm\Muq |vj| c Jm 

Note that the only difficult term is j i^j\Rc\^ e~ ' dV , since all other terms can be 
uniformly bounded using Lemma 4.1. Fortunately, we can bound this weighted L^- 
norm of Ricci by uniformly controlled terms and a weighted L? Riemann term that 
can be absorbed in the Gauss-Bonnet argument. Exploiting the algebraic structure 
of the equations for gradient shrinkers and the full strength of Lemma 4.1, we obtain 
the following key estimate. 
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Lemma 4.4 (Weighted L^ estimate for Ricci) 

For e > and (j, > — oo there exist constants C(e) = C{e, fi, n) < oo such that for 
every gradient shrinker {M'^,g,f) with our usual normalization and fi{g) > fi we 
have the estimate 

[ \Rcfe-fdV<e [ \Rm\'^ e' ^ dV + C (e) . (4.13) 

Jm Jm 

Proof. Analogous to (2.3), we have 

VkRij - ViRkj = -yuyt^jf + V.VfcVj/ = RikjiVef (4.14) 

and as a direct consequence div(e~-^ Rm) = 0. Moreover, analogous to (2.6), the 
shrinker version of the evolution equation for the Ricci tensor is 

Rij + (V/, VR,j) = ARij + 2R,kjiRM- (4.15) 

Now, for a cutoff function rjr as in the proof of Lemma 4.1, we compute 

/ r]r\Rc\^e-fdV = I r]r\Rc\{\g -V^ f,Rc)e-^ dV 
Jm Jm 

= / (ir?^|Rc|i? + |Rc|Rc(V/,Vr/^) + ?7^Rc(V/,V|Rc|))e~-''dF 
Jm 

< I {\7]r\Rc\R + \Vr]r\\Rc\^\Vf\)e-Uv 
Jm 

+ 6 [ rir\VRc\'^e-^fdV + ^ [ r^^^jRcplV/l^e-^-^dV 
Jm Jm 

<5 [ 7]r\VRc\'^e-^fdV + C{6), 
Jm 

for (5 > to be chosen later. Here, we used Young's inequality, Kato's inequality, the 
growth estimates from Section 2 and Lemma 4.1 (note that \\/ f\'^e~f''^ < Ce~^''^ 
etc.). Note that the constant C{5) does not depend on the scaling factor r of the 
cutoff function ry,., so by sending r — )• oo, we obtain 

I \Rc\^e^fdV <5 I \VRc\^e-iUv + C{5). (4.16) 

Jm Jm 

Next, we estimate the weighted L^-norm of V Re with a partial integration, equation 
(4.15), and Young's inequality, 

/ r/2|VRc|2e-i^dy = - / ri'^,{AR,j - l{Vf,VRij))Rije-ifdV 
Jm Jm 

- / 2r]r{Vr]r,VRij)Rije-^-l'dV 
Jm 

<- [ 7]'^ {Rij - 2RikjiRM)Rije-y dV 
Jm 

+ / (i?7^|VRc|2 + ir?2|Rc|2|V/p + 4|V?7^|2|Rc|2)e-i^dK 

J M 
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By absorption, the growth estimates from Section 2, Lemma 4.1 and the sohton 
equation, we obtain 

/ ri^.\VRc\^e-lfdV <C-2 [ if^{Rij - 2R,kjlRM)R^]^~^^^ dV 

JM JM 

= C-4 [ vJR.kjiRijVk'^ife-l^dV. 

JM 
Finahy, with another partial integration, div(e~'' Rm) = 0, and with 

'^Rikje^kRij'^ef = Rikje^efC^kRij — ^^iRkj) = iRikje'^efl , (4-17) 

which fohows from (4.14) and which is the identity that makes the proof work, we 
get 

/ rj^,\VRcfe-lfdV<C + 2 f r]l\RikjiV d?e-'^^ dV 

JM JM 

+ / {SrjrVkiirRikjeRij'^ef - '^VrRikjeRij'^kf'^if)e^'^^dV 

JM 

<C + C [ r]'^\Rm\^e-fdV. (4.18) 

JM 

In the last step, we used again Young's inequality, the growth estimates from Section 
2, Lemma 4.1 and |V/pe~2'' < Ce~' . The claim now follows by sending r — )• oo, 
plugging into (4.16), and choosing 5 > Q such that C5 < e for the constant C in 
(4.18). D 

Now Theorem 1.2 is an immediate consequence. 

Proof of Theorem 1.2. Picking e = e(c, ro,/i) > so small that ee"-' < "i^c^/lOO 
and applying Lemma 4.4, the theorem follows as explained in the discussion after 
Proposition 4.3. D 

A Proofs of the lemmas from Section 2 

Proof of Lemma 2.1. Prom (2.4) and (2.5), we obtain 

0<|V/|2</ + Ci, (A.l) 

i.e. |V-v// + Ci| < ^ whenever / + Ci > 0. Hence vT+'C'i is ^-Lipschitz and thus 

V/(^) + Ci<\ {d{x, y) + 2 V/(y) + Ci) , (A.2) 

for all x,y £ M, which will give the upper bound in (2.7). The idea to prove the 
lower bound is the same as in the theorem of Myers (which would give a diameter 
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bound if the shrinker potential was constant). Consider a minimizing geodesic 7(5), 
< s < So := d{x,y), joining x = 7(0) with y = 7(so). Assume sq > 2 and let 

1, se[i,so-i] 

^so- s, s £ [so - l,so]. 

By the second variation formula for the energy of 7, 

/ 02 Rc(7', 7')ds < (n - 1) / (p'^ds = 2n - 2, 
Jo Jo 

where 7'(s) = ^7(5). Note that by the soliton equation (2.1) 

Rc(7',7') = ^-VyVy/, 
which implies 

^om) + 4_2^< r«^2^ ^^,^^^ 



(A.3) 



Jo 

/■I /"So 

= -2 / (pVyfds + 2 / (pVyfds 

Jo Jso~l 

< sup |Vy/| + sup |Vy/| 
sG[0,l] se[so-l,so] 

< V/(^) + Ci + i + V/(y) + c^i + i 

where we used (A.l) and the fact that \/f + Ci is ^-Lipschitz in the last step. By 
(A.3), every minimizing sequence is bounded and / attains its infimum at a point 
p. Since A/(p) > 0, (2.2) and (2.5) imply 

< R{p) < f . (A.4) 

Using this and Vf{p) = 0, equation (2.4) implies 

< fip) + Ci < f . (A.5) 

Now the quadratic growth estimate (2.7) follows from (A. 2), (A.3) and (A.5) by 
setting y = p. Finally, if d{x,p) > 5n + ^/2n, then 

fix) + Ci> lid{x,p) - hnf > § > f{p) + Ci, 

which implies the last statement of the lemma. D 



Proof of Lemma 2.2. Let q{x) = 2^J f{x) + Ci. This grows linearly, since (2.7) 
implies 

d{x,p) — bn < q{x) < d{x,p) + 5n. (A. 6) 
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Define ^-discs by D{r) := {x £ M \ g{x) < r}, let V{r) be their volume and 



S{r) := / RdV (A.7) 

JD{r) 

their total scalar curvature. Since Jjj,.AfdV = jQ^,AVf\dA > 0, integrating 
(2.2) gives 

S{r) < -V{r), (A.8) 

i.e. the average scalar curvature is bounded by ^. Moreover, (2.2) and (2.4) imply 

(r-"y(r))' = 4r-("+2)5'(r) - 2r-("+i)5(r), 

which yields the following estimate by integration 

nr) < ^r- + l5(r) (A.9) 



for r > ro := \/2n + 4, see [26, Eq. (3)] or [10, Eq. (3.6)] for details. Hence, if 
r > v4^, we get by absorption 

'o 
Thus, for every r > 5n we obtain 

VolB,(p) < y(r + 5n) < V{2r) < ^y(ro)r" < 2^ Voli?,„+5n(p)r". 

This proves the lemma up to the statement that C2 depends only on the dimension 
and that (2.9) also holds for balls with r < 5n. To get this, note that |V/(a::)| < 
^ro + 5n =: a for d{x,p) < ro + 5n =: Rq. Now, using the fact that the Bakry-Emery 
Ricci tensor Rcj = Re + Hess/ of the manifold with density [M,g,e~^-l''^^'^'dV) is 
nonnegative by the soliton equation, we obtain, see [40, Thm. 1.2a], 

7^^^^ ,,^^, < e'^'' — . (A.IO) 

fov < e < R < Rq. Since [/ + Ci| < a^ on Bji^^p), this implies 

Yol Br{p) < e^" +-R— Vol B,{p) (A.ll) 

and by sending e to zero the claim follows. D 

Proof of Lemma 2. 3. Suppose towards a contradiction that there exist a sequence 
of gradient shrinkers {Mi,gi,fi) with fi{gi) > /i and balls Bs-{xi) C Br{pi) with 
S^'^YoiBsX'^i) — )■ 0. We will not directly use Bs^ixi) but consider the sequence of 
unit balls -Bi(xj) C Br+i{pi) instead, which allows to work with the shrinker entropy 
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as defined above rather than with a version that exphcitly involves a scahng or time 
parameter r as it is necessary for the argument in [25]. Set a := ^(r + 1 + 5n), then 
|V/j| < a, \fi + Ci{gi)\ < c? and i?g. < c? on Br+i{pi). The volume comparison 
theorem for the Bakry-Emery Ricci tensor implies, as in (A. 11), 

YolBiix,) < e^^'+'^d-" Vol55,(x,) ^ (A.12) 

for i — )■ oo, as well as 

VolBi(xi) <2"e2'*'+"VolBi/2(xi), ViGN. (A.13) 

— 1/2 

Define the test functions Ui = c- r]i with ??i(x) = r]{d{x,Xi)) for a cutoff function 
r] as in Section 2 and with /^^^^ u^dF = (47r)"/^, i.e. 



Cj 



(47r)-"/2 f r,fdV < (47r)""/2 VolSi(xO ^ 0. 



c- 



Hence 



Let C be an upper bound for Ar]''^ — if'logif'. Using (A.13) and c,j Voli?i/2(a^i) < 
(h^ Ihh "^i = (47r)"/^ we obtain 

^ / (4|V77i|2 -r/2logr/2)dy < cT^ Yol Bi{xi)C < (4^)"/22"e2«'+«C. 

W(r7^,n,) = (47r)-"/2cri / U\Vv,\^ - 7]f\ogr]f)dV 
+ (47r)-"/2 /■ (^ _ „ + log c,)^2^y 

<2"e2'^'+"C + a2-n + logCi, 

which tends to — oo as Cj tends to zero, contradicting the lower entropy bound 
"^{gi, Ui) > fj.{gi) > £t > -oo. D 

References 

[1] U. Abresch and D. Gromoll. On complete manifolds with nonnegative Ricci curvature. 
J. Amer. Math. Soc, 3(2):355-374, 1990. 

[2] M. Anderson. Ricci curvature bounds and Einstein metrics on compact manifolds. J. 
Amer. Math. Soc, 2(3):455-490, 1989. 

[3] M. Anderson and J. Cheeger. Diffeomorphism finiteness for manifolds with Ricci cur- 
vature and L"'^-norm of curvature bounded. Geom. Funct. Anal., l(3):231-252, 1991. 

[4] L. Bessicres, G. Bcsson, M. Boileau, S. Maillot, and J. Porti. Geometrisation of 3- 
manifolds. EMS Tracts in Mathematics, 13, Ziirich, 2010. 

[5] S. Bando, A. Kasue, and H. Nakajima. On a construction of coordinates at infinity 
on manifolds with fast curvature decay and maximal volume growth. Invent. Math., 
97(2):313-349, 1989. 

26 



[6] H.-D. Cao. Recent progress on Ricci solitons. In Recent Advances in Geometric Analysis, 

volume 11 of Advanced Lectures in Mathematics (ALM). International Press, 2009. 
[7] B. Chow and D. Knopf. The Rieci flow: an introduetion. Mathematical Surveys and 

Monographs, 110, AMS, Providenee, 2004. 
[8] H.-D. Cao and N. Sesum. A compactness result for Kahler Ricci solitons. Adv. Math., 

211(2):794-818, 2007. 
[9] H.-D. Cao and X.-P. Zhu. Hamilton-Perelman's proof of the Poincarc conjecture and 

the geometrization conjecture. ArXiv:math/0612069vl, 2006. 
[10] H.-D. Cao and D. Zhou. On complete gradient shrinking Ricci solitons. 

ArXiv:0903.3932v2, 2009. 
[11] J. Carrillo and L. Ni. Sharp logarithmic Sobolev inequalities on gradient solitons and 

applications. Comm. Anal. Geom., 17(4):721-753, 2009. 
[12] J. Cheeger. Finiteness theorems for Riemannian manifolds. Amer. J. Math., 92:61-74, 

1970. 
[13] J. Cheeger. Degeneration of Einstein metrics and metrics with special holonomy. Sur- 
veys Dijf. Geom., VIII:29-73, 2003. 
[14] J. Cheeger, M. Gromov, and M. Taylor. Finite propagation speed, kernel estimates for 

functions of the Laplace operator, and the geometry of complete Riemannian manifolds. 

J. Diff. Geom., 17(l):15-53, 1982. 
[15] X. Chen and B.Wang. Space of Ricci flows (I). ArXiv:0902.1545vl, 2009. 

[16] C. Croke. Some isoperimetric inequalities and eigenvalue estimates. Ann. Sci. Ecole 

Norm. Sup. (4), 13(4):419-435, 1980. 
[17] T. Eguchi and A. Hanson. Gravitational instantons. Gen. Relativity Gravitation, 

ll(5):315-320, 1979. 
[18] M. Feldman, T. Ilmanen, and D. Knopf. Rotationally symmetric shrinking and expand- 
ing gradient Kahler-Ricci sohtons. J. Diff. Geom., 65(2):169-209, 2003. 
[19] P. Gilkey. Invariance theory, the heat equation, and the Atiyah-Singer index theorem. 

Math. Lect. Series. Publish or Perish, 1984. 
[20] R. Greene and H. Wu. Lipschitz convergence of Riemannian manifolds. Pacific J. 

Math., 131(1):119~141, 1988. 
[21] M. Gromov. Metric structures for Riemannian and non- Riemannian spaces, volume 

152 of Progress in Mathematics. Birkhauser Boston, 1999. 
[22] R. Hamilton. Three-manifolds with positive Ricci curvature. /. Dijf. Geom. 17, no. 2, 

255-306, 1982. 
[23] R. Hamilton. A compactness property for solutions of the Ricci flow. Amer. J. Math., 

117:545-572, 1995. 
[24] R. Hamilton. The formation of singularities in the Ricci flow. Surveys in differential 

geometry, Vol. II, 7-136, Int. Press, Cambridge, MA, 1995. 
[25] B. Kleiner and J. Lott. Notes on Perelman's papers. Geom. TopoL, 12(5):2587-2855, 

2008. 
[26] O. Munteanu. The volume growth of complete gradient shrinking Ricci solitons. 

ArXiv:090l0798v2, 2009. 
[27] O. Munteanu and N. Sesum. On gradient Ricci solitons. ArXiv:0910.1105vl, 2009. 
[28] J. Morgan and G. Tian. Ricci flow and the Poincare conjecture. Clay Mathematics 

Monographs, 3, AMS, Cambridge, MA, 2007. 
[29] H. Nakajima. Hausdorff convergence of Einstein 4-manifolds. J. Fac. Sci. Univ. Tokyo 

Sect. lA Math., 35(2):411-424, 1988. 
[30] G. Perclman. The entropy formula for the Ricci flow and its geometric applications. 

ArXiv:math/0211159vl, 2002. 
[31] L. Sibner. The isolated point singularity problem for the coupled Yang-Mills equations 

in higher dimensions. Math. Ann., 271(1):125-131, 1985. 



27 



[32 

[33 

[34 

[35 

[36 

[37" 

[38 

[39 
[40 

[41 

[42 



J. Song and B. Weinkovc. Contracting exceptional divisors by the Kahler-Ricci flow. 

ArXiv:1003.0718vl, 2010. 

G. Tian. On Calabi's conjecture for complex surfaces with positive first Chern class. 

Invent. Math., 101(1):101-172, 1990. 

G. Tian and J. Viaclovsky. Bach-flat asymptotically locally Euclidean metrics. Invent. 

Math., 160(2):357-415, 2005. 

G. Tian and J. Viaclovsky. Moduli spaces of critical Riemannian metrics in dimension 

four. Adv. Math., 196(2):346-372, 2005. 

G. Tian and J. Viaclovsky. Volume growth, curvature decay, and critical metrics. 

Comment. Math. Helv., 83(4):889-911, 2008. 

K. Uhlenbeck. Removable singularities in Yang-Mills fields. Comm. Math. Phys., 

83(l):ll-29, 1982. 

C. Villani. Optimal transport. Old and new, volume 338 of Grundlehren der Mathema- 

tischen Wissenschaften. Springer- Verlag, 2009. 

B. Weber. Convergence of compact Ricci Solitons. Int. Math. Res. Not., 2010. 

G. Wei and W. Wylie. Comparison geometry for the Bakry-Emery Ricci tensor. /. 

Diff. Geom., 83(2):337-405, 2009. 

X. Zhang. Compactness theorems for gradient Ricci solitons. J. Geom. Phys., 

56(12):2481-2499, 2006. 

Z.H. Zhang. On the completeness of gradient Ricci solitons. Proc. Amer. Math. Sac, 

137(8):2755-2759, 2009. 



Robert Haslhofer 

ETH Zurich, 8092 Zurich, Switzerland 

Reto Miiller 

SCUOLA NORMALE SUPERIORE DI PiSA, 56126 PiSA, ITALY 



28 



